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Numerical sequences and
polynomials

Arkady M. Alt

Abstract

In this paper, motivated by some problems of mathematical
Olympiad caliber, we present links between numerical se-
quences and polynomials.

1 Basic Results

Herealfter, we present a basic general problem and solve it. Applying
its solution, we will solve some other problems appeared elsewhere.

Problem 1 (Basic Problem). For a given sequence {a,},>0 and
forall n > 0, let A,(x) be the sequence of polynomials of degree
at most n such that

An(k) =ag, for0<k<n.
Find the value of A(n 4+ 1).

Solution. For n = 0 we have that Ag(xz) = ao is the constant
polynomial and Ay(1) = ao. So, Ap(x) = ap and Ay(1) = ayp.

For n =1, let A;(z) = oo+ a1x. Since A;(0) = ao, then A;(z) =
ap + aix. On the other hand, A;(1) = a; <= a9 + a; = a; and
a1 — a1 —AQq. Thus, Al(.’B) = ag+ (a1 — ag):c, from which it follows
that A;1(2) = ao + 2(a1 — ap) = 2a; — aop.
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For n = 2, let As(z) = aot+ayz+azx(x—1). Since Ax(x) = Aq(x)
for x = 0,1, then A;(x) = ao + a;z for all z and, therefore,
Az(x) = A1(z) + axz(x — 1). Using that A2(2) = a2 and A4(2) =
2a1 — ag we obtain

as — 2a1 + ag

21y + 2a; — ag = as and Qg = 51
Thus,
Ay(z) = Ay (z) + 27 2;1 T 1)
=a0+a11_'a0w+a2_22a'1+aoa:(m—1)

and
A2(3) = Qg — 3(11 + 3(12.

To emphasize that A,(n + 1) is not, generally speaking, a term
of the sequence {a,},>0. we set b, = A,(n + 1) for all n > 0.
Thus, our main goal is to express b, through the terms of the
sequence {a,}n>o and to find the polynomial A, (x). For example,
we already have bo = aop, bl = 2a; — ayg, b2 = ag — 3aq + 3a- and,
by the way, the polynomials Ag(z), A1(z) and Aa(x).

Now, assume that we already have the polynomials Aq(z), A1(x),
..., A, () that satisfy the condition of the statement. We will find

x
Ant1(z) = P(x) + anya <n n 1>’
where deg(P(xz)) < n and

x _z(x—1)(x—2)---(z —n)
(n+1)_ (n+1)! '

as is well-known.
Since A,i1(z) = A,(x) = P(z) for x = 0,1,2,...,n, then
P(x) = A, () for all  and, therefore,

A1 (@) = An(@) + Qnis (n j 1>,
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where coefficient o, ; is determined by using A, 1 (n+1) = any1.
We have

n+1
Onp1 = Appi(n+1) = Ap(n+1) + angs (n n 1)

or
Apy1 = bn + Opt1 < Opt1 = AQpt1 — bn-

Thus,

Apir(@) = An(@) + (angr — bn>(n . 1).

Applying the (n + 1)-times iterated difference operator A™*! to the
polynomial A, ;(z) = An(T) + atpt1 ( f_ 1) , we obtain
n

An-i—l (An+1(m)) = An+1 (An(a:)) + A"H‘l (an+1 (n j‘ 1))

or
A" Ap1(2) = 0+ anpr = A"H(Ar41(0)) = anypas

from which, on account that A, () is a constant polynomial,

An+1 (ao) = Opt1 follows. Thus, An+1((13) = An(sc)—|—An+1(a0)<n_T_1>

and, therefore, A, 11(n+1) = A,(n+1)+A" (ao)(77]) or anyy =

b, + A" (ag), from which it follows that b, = an11 — A" (ao).

Since for all n € N we ahve
n+1 n + 1
An+1(0,0) = E (—1)k< )an+1_k,
k=0 k

then we have

An(n + ].) = bn = Qnp4+1 — A"+1(a0)
ntl n+1
= Qpy1 — Z(—l)k< % )an+1—k
k=0

n+1 n _|_ 1
= Z(—l)k_l( % )an+1—k
k=1
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and
T

An(2) = ao + é A¥(ay) <k> — éAk(aO) (:) O

Remark 1. As it is well-known, for any function f(x) the differ-
ence operator A is defined by Af(x) = f(x + 1) — f(x) and the
k-times iterated difference operator A¥ is defined recursively by
A°f(z) = f(x) and AFf(x) = A(A*1f(x)) for k € N. Since
A%c) =0, A((]) = A@) =1and A((7)) = (})) — () = (%)

X
n

n n n—1
then
Ak T\ _ Ak T _ 0 ifk>n,
n n—k 1 ifk=n.
A natural generalization of Problem 1 is the following:
Problem 2. For a given sequence ag,@i,...,0n,y..., let A, (),

n > 0, be a polynomial of degree at most n such that A, (k) =
am+r for 0 < k < n. Find the value of A, n(n + 1).

The answer is obvious and we have
Am,n(n + ]-) == am+n+1 - An+1(an)

n+1 n _|_ 1
= Qmint1 — Z (—1)k< K ) + Gmtnti—k

k=0
ntl n+1
- Z (_l)k_l( k ) + Qrytn+1—k
k=1
and

Amn(@) = am + 3 Ak(am)(i> — éAk(am)<Z’).

k=1

2 Applications

In what follows, some applications of the above results are given.
We begin with the following.
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Problem 3 (IMO Short List 1981). Let P(x) be a polynomial of
degree n such that

P(k) = 1/(":1> for0 <k <n.

Find P(n + 1).

Solution. Using the correlation

ntl n+1
An(n + ]_) = Z (—1)k_1< k >an+1_k
k=1

for a, = 1/("{") =1/( ") = ant1_k. we obtain

n+l—k
n+1
e =ainen = 1 /,21)
— %1(_1)’@—1 = (_1)# O
k=1

The next application appeared in [1] and it is stated as follows:

Problem 4. Let A(x) be a polynomial with integer coefficients
such that for 1 < k < n + 1 holds:

A(k) = 5*.
Find the value of A(n + 2).
Solution. We will solve a more general problem replacing 5 with

any @ # 1. Let a = a*™ (0 < k < n), A(z) = A,(x) and
A(n+2)=A,(n+1). Since

at(a0) = 31§ Jan = 3 (o

1=0 t

= a;:;)(—l)i(f)ak_i = a(a — 1),
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then
An(z) = aké)(a _ 1)'6(”;)

and

n+1 n _|_ 1
An+2)=A,(n+1)=a""? -3 (—1)’“_1< k )an+2_k
k=0
=a(a™ — (a — 1)),
Finally, setting a = 5 we get A(n + 2) = 5(5"*! — 4nt+1), O

Remark 2. Note that, if a, = aa™ + 3b™, then

n

An(z) = > (aa(a — 1)* 4+ Bb(b — 1))

k=0
and A(n 4 1) = aa(a™™ — (a — 1)™*") 4+ Bb(b™" — (b — 1)),

Finally, we close this paper by giving an application involving
Fibonacci numbers.

Problem 5. Let {f.}.>0 be the Fibonacci sequence defined by
fo=0, fi =1, and foy1 = fn+ foo1 foralln > 1. Let F,, ()
be a polynomial of degree at most n such that F,, (k) = fm+x for
0 < k < n. Determine F,, ,,(n + 1).

Solution. First note that A(f,) = far1 — fn = fn_1. Then,
A*(f,) = fu_k, k < n. But what happens if k¥ > n? To get the an-
swer to this question we need to extend the definition of Fibonacci
sequence to negative values of n. We may define f_,, = (—1)"*'f,,
as it is well-known. On account of the preceding we have

F’m,n(n + 1) = fm+'n+1 - An+1(fm) = fm+n+1 — fm—n—l

and

Frn@) = fn+ Y- (:)A’f(m = (”,j)M(fm) =S (Z)fm_k.

k=0 k=0

In particular, if m = 1 we get

Fin(n+1) = foyz — fon = fagz — (1) fr = faia + (=1)"fa
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and
Fi,(x) = z": <:>f1—k =1+ z": (:)fl—k =1+ Zn: (:)(_1)k.fk—1-
k=0 k=1 k=1
O
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